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XULASO
Ali pedaqoji moktablards todris olunan Cabr kursu ii¢ cobr (miicarrad cobr, (xotti)vektorlar

05.12.2025 cobri va goxhadlilar cabri) elminin elmentlorinin intqerativ birlosmasi ilo formalasdirilmigdir.
Nosr edilma tarixi: Xotti tonliklor sisteminin hoalli mosalolori ilo yaranan vektorlar cobri, mecorrad cobrin
22.12.2025 elementlori osasinda inkisaf etmoklo moditifaksiya olunaraq, miiasir Cobr kursunun ¢ox
ACAR SOZLOR: miihiim qoluna ¢evrilmis onun riyaziyyat vo digar elm sahalarinds tatbiqina gors birinci yeri

tutan hissosidir. Matris, determinant, vektor foza, Evklid fozasi vo s. kimi riyazi aparat vo
strukturlarin daxil edilmasi ilo vektorlar cobri genislonmis vo dorinlosmisdir. Ali pedaqoji
maktablarin Cabr kursunda vektorlar cobrinin todrisi xatti inikaslar vo operatorlar bolmasi ilo
basa g¢atdirilir. Togdim olunan materialda xatti inikas vo xatti operatorun miiayyan edilmasi,
onun ranqinin va defektinin tapilmasi, ¢ xatti operatorun verilmis bazisdoki verilmis matrisina
asasan digar bazisdoki matrisinin tapilmasi, iki xatti operatorun miixtalif bazislorde matrislori
verilmidsirsa, iki operatoorun cominin birinci baziso nozoran matrisinin tapilmasi, ¢ Xatti

xotti operator, xatti
operatorun ranqi vo
defekti, xotti
operatorun matrisi,
kecid matrisi, xatti
operatorun moxsusi

qrymat operatorun verilmis bazisdo matrisi vo y xatti operatorun ikinci bazisdo matrisi verilmisdirsa,
onlarin @ v hasilinin birinci bazisdoki matrisinin tapilmasi, hor hansi bazisdo matrisi verilmis
Xatti operatorun maxsusi qiymatlorinin vo moxsusi vektorlarinin tapilmast va i.a. masalalora
baxilir.
GIRIS

Toqdim olunan isdo nozori materialin monimsadilmasi, tolobalorde yaradici tofokkiiriin
formalagdirilmasina xidmot edon praktik moggolodo holl edilmasi tovsiyys olunan ¢alimalarmn [5,6]
bir gismi ii¢iin keys tapsiriglar icra olunmusdur. Umumtohsil moktoblorindo homginin Elementar
hondasodo miistovids vo li¢dl¢iilii fozada hondasi ¢evirmoalor (morkozi simmetriya, ox simmetriyast,
miixtolif donma, paralel koglirmo vo s.) 6ziinomoxsus yera malikdir [1,s.105 — 145]. Gostorilon
handasi ¢evrimalar cabr kursunda inikas adlanir. Onlardan bazilari xatti ¢gevirmalar vo digarlori geyri-
xatti gevirmalar olurlar. Mogaloda cabri terminologiya asasinda onlar todqiq edilir.

1. Isbat edin ki: a) koordinat miistoviisndo sifirdan forqli vektorlu paralel
koelirma xatti inikas deyildir; b) koordinat miistavisinin eynilik inikas1 xotti inikasdir.
a)  Xotti inikas 1) homomorfizm va 2) bircinslik xassalori ilo sortlonir.

[2,s.237][4, s.283] Paralel koglirms isa bels toyin edilmisdir [1, s. 131]

“Torif miistovinin biitlin noqtalori eyni istigamoatdo vo eyni mosafo qodor yerdoyigsmoklo,
miistovinin §ziins inikasina paralel kdgiirmo deyilir”. “Paralel kdgiirma elo bir kdglirmadir ki, ixtiyari
A noqtosine elo A noqtasi qarst qoyur ki, fiqurun biitiin ndqtaleri AA” vektoru qodor yerini doyisirlor”.

Umumtohsil moktoblorin Riyaziyyat dorsliyinde koordinat miistovisindo vektorla paralel
koglirmo sorh olunmusdur. [3,s.182 — 184]

V' vektor fozasinda a # 0 vektoru ilo paralel kogiirma P(x) isaro edilir vo analitik olaraq
asagidaki kimi toyin edilir:

VxeV vaVa # 0€V igiin P(x) = x + a olur. Masaloni timumi sokilds hall etmak tigiin paralel
kogiirma inikasinin (operatorunun) homomorfluq sortini 6domadiyini yoxlamagq kifayatdir.

VxeV va yeV vektorlarinin comi ligiin yaza bilarik.
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Px+y)=x+y+a=x+a+y=P(x)+y, burada a+#0 olmagla geyd olunmus
vektordur. Digoar torofdon : P(x) + P(y) = (x + a) + (y + a). Yoni P(x + y) # P(x) + P(y)
b) v fozasmin har bir elemntin 6ziins ¢eviron E inikasina eynilik inikasi
(operatoru) deyilr [2, s.238].
Cabri terminologiyada eynilik inikas asagidaki kimi ifads edilir.
VxeV vektoru tigiin E (x) = x olarsa, E eynilik operatoru adlanur.
Eynilik operatorunun xatti operator oldugunu gostoormok iigiin xatti operatorun torifindoki 1)
va 2) sartlorini yoxlamaq lazimdir.
1. Vx,yeViginE(x +y)=x+y=E(x)+E(y)
2.  VxeV voVA € R ii¢iin E(Ax) = AE(x).
2. Xotti operatorun ranqini va defektini tapin [3,7.1.2. a)]
@(x1, %2, %3) = (X1 + X2, %1 + X3, X5 + X3)
Ovvalca gostarak ki, ¢ xatti operatordur. R —o monsub olan VxeR3,y = R3 vektorlara
baxaq. Onlarin xatti operatorun torifindoki 1) sortini 6dodiyini gostarak.
x€R®  x = (x1,%2,%3), @(x) = @(x1, X3, %3) = (X1 + X2, X5 + X3, %3 + X1 )
YeR® y = (1,¥2,¥3),9(0) =91, ¥2,¥3) = 1+ ¥2,Y2 + ¥3,¥3 + Y1)
px+y) =9+ o)
oldugunu gostarok
p(x+y) = ¢((x1,x2,x3) + (J’1:3’2'3’3)) =@ +y1,%2 + Y2, x3 + y3)
=ty +tx+tyax+y,+ x5+ Y3, % +y1 +x3+y3)
= ((x1 +x) + (y1 + yz)): (x2 +x3) + (y2 +¥3)
= (1 + %2, %3 + x5, X3+ %) + (V1 + Y2, Y2 + Y3, Y3 + 1)
= @(x1,%2,%3) + (V1,2 ¥3)
2) sortini 6dadiyini gostorak:
P(Ax) = @(A(xy, %2, %3)) = P(Axy, Axz, Ax3) = (Axy + Axz, Axy + Axz, Axg + Axy )
= A(xy + X3, x5 + x3, X3 + X1 ) = Ap(x1, X2, x3) = Ap(x)

Standart bazis:
e; = (1,0,0) ¢(e;) = ¢(1,0,0) =(1,0,1)
e; =(0,1,0) ¢(ey) = ¢(0,1,0) = (1,1,0)
, 1e30= (0,0,1) ¢@(e3) =(0,0,1) =(0,1,1)
Indi M(p) = |0 1 1| matrisini pilloli soklo gatirib ranqini tapaq:

110110110 1 1 0 1 0 O 1 0 O 1 0 0
0 1 1]—>0 1 1]%[0 1 1]%[0 1 1]%[0 -2 0]%[0 1 0]
1 0 1 0 -1 1 0 0 2 0 0 2 0o 0 2 0 0 1

Ranqi 3-diir. Ciinki 0-dan forqli satirlorin say1 3-diir.

dimV =r 4+ d foza 3 olgilidiir. dimV = 3,r = 3 onda d = 0 deyok. Cavab: detp =
0;ranqg ¢ = 3. '
3. ¢ xotti operatorun e; = (1,0,0),e, = (0,1,0), e3 = (0,0,1) bazisindos
matrisi verilir:

A=10 4 1

-2 1 1

3 -1 2]

Bu operatorun
a; =(1,1,1),a, = (1,1,0),a; = (—-1,0,1)
bazisindo matrisini tapin.
Bunun {igiin ovvoalca kecid matrisini miioyyon edok. Kegidn matrisinin siitunlar1 yeni bazisin
a4, a,, az vektorlar sisteminin verilon e, e,, e;bazisinds koordinat satirloridir. Demali, ke¢id matrisi
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1 1 -1
T=11 1 0
1 0 0
kimidir. Birinci bazisdon ikinci baziso kegid zamani xotti operatorun matrisi haqda teoremo

osason B = T71AT olur. det T = 1 oldugunu nazors alaraq tors matris tapilir:
Tll == O’TZI ES O,le = O,TZZ = 1, T32 == 1, T13 == _1, T23 == 1, T33 = 0

Belolikla alinir ki,
0 0 1
T_1=[O 1 —1]
-1 1 0
Onda
0 0 17173 -1 211 1 -1 -2 1 1711 1 -1
B '=T1AT=]0 1 —1[0 4 1”1 1 O]=[2 3 0”0 4 1]
-1 1 o0ofl-2 1 111 0 O -3 5 -1l1-2 1 1
0 -1 2]
=|5 5 =2
2 2 31
0o -1 2
Cavab:[S 5 —2]
2 2 3
4. @ xatti operatoru a; = (1,2),a, = (3,7) bazisino goro [13 62 6] matrisino

malikdir. ¥ xotti operatoru iso b, = (1,1), b, = (0,1) bazisino nozoron [; 3] matrisino

malikdir. ¢ + 1 operatorunun a4, a, bazisino nozoron matrisini tapin.

@, xotti operatorlarinin eyni baziso nozoron matrislori verilsoydi, onda ¢ +
operatorunun matrisi ¢, operatorlarinin verilon baziso nozoron matrislori comino boarbar olardi.
Demoli, masaloni hall etmok iiclin 1 —nin bazisdoki matrisini tapmaliyiq. ¥ operatorunun by, b,
bazisindoki matrisini M () ilo, a4, a, bazisindoki matrisini M’(3) ils isaro edok. Xotti operatorlarin
miixtalif bazislor lizro matrislori arasinda slaqo diisturundan istifado edok [1,253].

M @) =T *M@)T
Burada, T by, b, bazisindon aq,a, bazisino kegid matrisidir. Beloliklo, T,T~! molum olsa,
(M (1) iso moasalonin gartindo verilib) onda M’(y)) asagidaki kimi tapila bilor. T asagidaki kimi
miioyyan edils bilor:
a; = ty1b1 + ty1 b
Ay = ti2by + ta2b; (2)
ay, a,, by, b, vektorlart masalonin sortind1 verilib, onlar1 (2)-ds nazars alsaq, tapilir:
{(1: 2) =t;1(1,1) +t,,(0,1)
(3, 7) = t12(1' 1) + t22(0' 1)
{(1» 2) = (ty11,t11) + (0, t21)
(3,7) = (t12, t12) + (0, t52)
Onda T kecid matrisi {igiin tapilir:
t11 ti2 1 3
r= [t21 tzz] B [1 4
Indi T~! tors matrisini tapaq. Bunun iigiin elementar ¢evirmolor iisulundan istifado edok

tll == 1, t21 = 1
t12 == 3, t22 = 4

[1,184].
1 311 0 1 311 0] 1 0[4 -3
4[1_43%0 1]:>[o 11-1 1:[0 1l-1 1]

Y:;niT_lz(_1 1)

Tapilmis T,T~! matrislorinin vo mosalonin sortindoki ) operatorunun by, b, bazisindoki
matrisinin ifadslorini yazsaq vo vurma omollorini aparsaq alariq:
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R I PO | i P | PO B It

Onda @,y operatorlarmm cominin a4, a, bazisindoki matrisi
18 67 -18 —-67\_(0 O
. M@+ =2 )+ (0 356)=( o)
Cavab: [0

5. @ xatti operatoru a; = (1,2),a, = (3,7) bazisino nozoron [ 1 2] matrisind

malikdir. i xotti operatoru b; = (1,1),b, = (0,1) bazisino nozoron [3 3] matrising

malidkir. ¢ operatorunun a4, a, bazisino nozoron matrisini tapin.
ovvalco by, b, bazisindon a4, a, bazisino kegid matrisino ke¢id matrisini tapaq:
a; = ty1by +t21b;
Ay = tipby +t22b, (1)

a4, a,, by, b, vektorlarmin mosolods verilon ifadslorini (1)-do yerino yazaq vo ¢evirmalor

aparaq:
{(1: 2) = (t11,t11) + (0, £21)
(3,7) = (t12,t12) + (0, t22)
{(1, 2) = (t11,t11 + t21)
(3,7) = (t12, t1z + t22)
{tll = 1, t21 = 1
tiz =3t =4
b1 t12] _ 1 3
r=la 2f=1; 3
T matrisinin torsini elementar ¢evirmalor tisulu ilo tap111r.
1_[4 -3
=4 7]
aliacaqdir.
Indi ¥ operatorunun a,, a, bazisina nozoron M’ (1) matrisini hesablamagq olar.

M () =T IM@)T, burada M(yp) matrisi " xotti operatorunun b;,b, bazisino goro

matrisidir vo M’(y)) = [3 7] mosalads verilmisdir. Onda alinir:

ORI R | i B i | A B I
Onda

@ xatti operatorun a4, a, bazisinde matrisi asagidaki kimi olar:
1 3] [—18 —67] _ [ 3 11

s 11 1 21l 7 26 1 " 1l-4 —15
Cavab: [_4 _15]
6. har hansi bazisda

2 -1
A= [—1 2 ]
matrisino malik olan xatti operatorun moxsusi qiymatlorini vo moxsusi vektorlarini tapin.
A matrisinin xarakteristik tonliyi yazilir:
2—-4 -1 | —0
-1 2-2
Determinantini agaq:
4—42+2*-1=0
A2—41+3=0
A=2+v4-3=2%1

11'2:2iv4_3:2i1
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Yoni 1; = 3,1, = 1 moxsusi qiymatlor tapildi. Onda (A — AI)X = 0 sistemi asagidaki soklo

gotirilir:
-1 17"
[_1 _1] [xz] =0
Bu sistem asagidaki tonliklo eyni giilciidiir:
X1 t+x,=0=x;=x, =1
Moxsusi vektor ¢(1; 1) olur. A = 1 olduqda
[—1 1 [xl] —0
-1 1llx;
Buradan iso x; = 1,x, = —1 alinr.
Moxsusi vektor (1; —1) —dir.
Cavab: moxsusi giymoatlor A; = 3,1, = 1;onlara uygun moxsusi vektorlar iso c¢(1;1) vo
c(1; —1) olur.
7. Ucgtortibli matrisin haqiqi adadlorin meydani iizorinds moxsusi giymotlorinin

vektorlarmni tapin.
Ik 6nco xarakteristik tonliyi yazaq vo moxsusi qiymatlori tapaq

-1 0 1
JA—AIl=0=|0 1-12 0]|=0=2221-1)4+04+0—-(1-21+0+0)
1 0 -1

=20-)-1-1)=0
P-1DA-1)=0
A-1DA+1DA-21)=0
—-A-1D2QA+1) =0
MA=—-11=1
A4, A, moxsusi qiymatini yerino qoyub, moxsusi cektorlari tapaq.

1 0 1 X1 +x3=0
L. 0 2 0“ l— 1= X3  x;=kx3=-k
1 0 1 x, =0
—1 0 —-x1+x3=0
I1. 0O O “xz = x1—xx3=0 x,=0,x=k,x3=k
-1 X, = X3
Cavab: moxsusi giymotlor 4; = —1,4, = 1 uygun moxsusi vektorlar x; = k,x, =0, x3 =

—k; x; =0,x, =k, x3=k

Tacriiba vo aparilan miisahidolor gostarir ki, tortib olunan keys tapsiriglar 6yronilon materialin
monimsanilmasine miisbat tosir etmaklo barabar tolobalorin miicarrad tofokkiiriiniin formalagmasina
ciddi tosir gostarir.
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SUMMARY

SOME CASE PROBLEMS RELATED TO LINEAR INTEGRATION AND
OPERATORS AND THEIR SOLUTIONS

Rovshen Hasanov

The Algebra course taught in higher pedagogical schools is formed by the integrative combination of
elements of the three algebras (abstract algebra, (linear) vector algebra and polynomial algebra). Vector
algebra, which arises from the problems of solving a system of linear equations, has been developed and
modified on the basis of elements of abstract algebra, and has become a very important branch of the modern
Algebra course, taking the first place in terms of its application in mathematics and other fields of science.
Vector algebra has been expanded and deepened by the inclusion of mathematical apparatus and structures
such as matrices, determinants, vector spaces, Euclidean spaces, etc.

The teaching of vector algebra in the Algebra course of higher pedagogical schools is completed with
the section on linear inversions and operators. The presented material includes the definition of linear inversion
and linear operator, finding its rank and defect, finding the matrix of the linear operator ¢ in a given basis
based on a given matrix, finding the matrix of the sum of two operators with respect to the first basis if the
matrices of two linear operators in different bases are given, finding the matrix of the sum of two operators
with respect to the first basis, finding the matrix of the linear operator ¢ in a given basis and the matrix of the
linear operator y in a second basis if the matrix of their product ¢- v in the first basis, finding the eigenvalues
and eigenvectors of a linear operator whose matrix is given in any basis

Keywords: linear operator, rank and defect of a linear operator, matrix of a linear operator,
transition matrix, eigenvalue of a linear operator
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